Abstract-In this paper, the transmission line theory is utilized to characterize the metamaterials comprising of microscopic elements of a periodic array, specifically, the traditional split-ring resonators (SRRs), as an example. The bianisotropic property of the metamaterials is characterized in a new way different from the existing wave methods. As evident from both simulations and experiments, the SRR array structure is found to be quite lossy even though it is made of very good conductor or even perfect conductor as in simulation. With the present characterization, we are able to explain physically very well on how or why the energy gets lost in this structure. Finally, the theoretical result is compared with numerical simulation data obtained based on quasi-static Lorentz theory to further verify our analysis.
INTRODUCTION
Left-handed material (LHM) or metamaterial represents a dielectric medium that exhibits negative refractive index (NRI) characteristics resulted from simultaneous negative permittivity and permeability [1] . Many research works have been conducted [2] after various methods for realizing negative permittivity [3] and negative permeability [4] were brought up and especially after the negative refractive index property was experimentally verified [5, 6] . Now there are three major concerns in the metamaterial research. One of them is how to synthesize the metamaterials using the traditional SRR structures, the transmission line structures [7] [8] [9] [10] [11] , any other novel structures or smart materials, and this certainly includes the optimum and effective designs, practical fabrications, numerical simulations, and experimental verifications. The other one is how to theoretically characterize the properties of LHM, to gain more physical insight into the material properties [12] , and to explore any further practical, novel or potential applications of the materials in many different areas [13] [14] [15] . The third one is the explorations of various applications such as the use of the metamaterials for enhancing the antenna performance, the RFIC characteristics, and optical device capabilities.
Metamaterials synthesized from split ring resonators or their various counter-parts have been, however, found to exhibit highly lossy properties [6, 16] . It is, therefore, very important for us to know where the lost energy goes. Its physical understanding could help us to find certain ways to minimize the loss in the design process. On the other hand, the electric properties of metamaterials (such as the permittivity and permeability) are very essential for making various practical applications. To obtain the effective constitutive relations, attempts have been made in the recent works where the metamaterial is considered in a macroscopic nature as an isotropic medium [17, 18] . In fact, we can easily realize from the microscopic nature of the materials that the metamaterials should be more accurately modeled as an bianisotropic medium.
Therefore, it is very important to extract the constitutive relations of the macroscopic materials which are fabricated in terms of many periodically arranged or synthesized microscopic elements. This is because (a) firstly, the constitutive relations extracted form the microscopic nature of the materials can help us to better understand the propagation and scattering mechanisms when the radio wave is illuminated toward the metamaterials; (b) secondly, with the known knowledge of the constitutive relations, microstrip antennas and circuit devices can be further designed efficiently without looking into their effects due to strong coupling with the microscopic periodic elements; and (c) finally, the constitutive relations extracted can be utilized to study the ordinary wave and extraordinary wave modes inside the metamaterials. In this connection, we first implement in this paper the idea of analyzing the SRRs using the transmission line theory. In this procedure, the constitutive relations of metamaterials are obtained, and the energy dissipated in addition to the Ohmic loss can be characterized.
TRANSMISSION LINE MODEL FOR SRR
In this section, a periodic array of SRR is considered in microscopic nature. When the wavelength is much longer than the inclusion dimensions and lattice spacings, an equivalent continuous material in macroscopic nature can thus be obtained. For a bianisotropic material, the constitutive relations for describing the macroscopic material can be written as
where and µ represent the electric permittivity and magnetic permeability tensors, while ξ and ζ denote the magnetoelectric cross coupling tensors, respectively.
Due to its periodicity, our analysis begins with single SRR in Fig. 1 , which does not include the metallic cylinder. In order to obtain magnetic response, we consider the polarization of the incident magnetic field H i penetrate through this SRR, that is, along the y-axis in the present case. The propagation direction k 0 and the polarization of the incident electric field E i are in the xoz-plane. Taking into account the current and charges on the surface of two split rings, we can get its equivalent circuit model by transmission line theory shown in Fig. 2 . The magnetic response and conductor loss of the outer split ring are denoted as L 1 A x and R; C 1 A x and C p account for the capacitance at the splits of the outside and inside rings, respectively. The top C c represents the capacitance between the upper half of the outside split ring and the upper half of the inside ring; the bottom C c represents the capacitance between the lower half of the outside split ring and the lower half of the inside ring. Due to the symmetry of the structure they should be in the same value, so we use one name C c to define them. Can be seen from Fig. 2 , we use two inductances: L p1 and L p2 and two resistances: r 1 and r 2 to model the magnetic response and conductor loss of the inside ring. That is because the induced currents can flow from the upper half of the outside split ring to the upper half of the inside split ring through the top C c , and still from the lower half of the inside split ring to the lower half of the outside ring through the bottom C c .
If we introduce the metallic cylinders into it, it seems that we have introduced a shunt impedance to L p 1 , L p 2 and C c branch. The values of L p 1 , L p 2 and C c may change, but the analytical model and method does not change. That's why SRR structures only can present both negative permittivity and negative permeability.
By using transmission line theory, the telegrapher equations for the transmission line segment shown in Fig. 2 can be formulated as
where I 2 satisfies the following equations
After re-forming Eqs. (3a) and (3b) to find I 2 as a function of I 1 and V , we substitute I 2 in Eqs. (2a) and (2b). Thus the telegrapher equations can be found
where
and M is the mutual inductance between the inner split ring and the outer one (in other words, it is the mutual inductance between L 1 A x and L p ). Thereby based on the correspondence between the Telegrapher equations and the Maxwell's equations, the effective constitutive parameters can be easily extracted from these two equations
(5b)
It is noticed here that a single SRR can still have negative permittivity, and this agrees with the conclusion drawn from another approach [2] , as again shown in the later section III. The values of ζ eff and ξ eff depends very much on the structures of the SRR elements. Although they are not necessarily zero simultaneously due to the approximations used in the equivalent circuit theory, the values of ζ eff and ξ eff are very much smaller than those of eff and µ eff .
According to the polarization direction of E i and H i , the tensor expression of constitutive parameters for 1-D metamaterial constructed by this type of SRRs and metallic cylinders are given by 
It has been shown that for lossless medium, the time average of the divergence of Poynting's vector < ∇ · S > must vanish for all possible E and H [19] . Therefore, we have
Then, the lossless conditions are so obtained
where † denotes transpose and complex conjugate. For a periodic SRR array, it is apparent that energy loss includes two parts. One part comes from the imaginary parts of µ and , which are associated with conductor resistance loss. The other one is contributed by the magnetoelectric cross coupling, that is, ξ and ζ. Here the loss exists actually because of the coupling between E and H as shown in Eq. (8) . In other words, the energy is lost during the wave propagation process. In circuit theory, this can be denoted as a radiation resistance. It is thus reasonable to explain a phenomena that metamaterials synthesized by SRR structures exist large loss, even though the split rings are made of very perfect conductors [16] .
From our analysis one way to minimize the radiation loss is to make the magnetoelectric cross coupling effect diminish, that is, to make the ξ and ζ vanish. As shown in Eq. (5c), the term ω 2 p 2 c = ∞ (which means ζ → 0) if we ideally set C c = 0.
VALIDATION AND DISCUSSION
So far, we have demonstrated how to obtain the constitutive relations of an artificial material constructed by SRRs. This is an alternative approach as compared to the existing one [2] . To demonstrate the validity of these formulas, we consider a periodic SRR array. The geometry and dimensions are taken from [2] and reproduced in Fig. 1 . Then we synthesized them into a homogeneous dielectric material whose r = 4.5. The dimensions of the single SRR are d = 0.8 mm, g = 0.2 mm, and r = 1.5 mm. Here, we assume the SRR to be made of thin perfect conductors. In this case, the values of the corresponding capacitances and inductances in the model can be estimated by a quasistatic approach and by using the conformal mapping theory. In our case, we estimate them approximately by using the microstrip line theory. An approximate expression for the coupling capacitor between two vertical strip lines in Fig. 3 is obtained as
where g = h/(h + w), while K(•) denotes the complete elliptic integral defined by
Thus C p and C c can be estimated in this way. As we know, C 1 is comprised of two parts, one is the capacitance of the split, while the other is the parasitic capacitance due to the discontinuity of the structure. The discontinuity part (defined as C g ) is estimated as the capacitance of gap between microstrip lines. The corresponding formulas are given [20] below: (a) for r = 9.6 
where W denotes the effective width of the SRR, D gap represents the gap distance between two SRR rings and t stands for the distance of the SRR from ground. Similarly, the inductances are estimated as follows:
Based on the current distribution on the SRR, we have
The mutual inductance index is calculated using k 2 = S in /S out , where S in and S out denote areas of the inner and outer split rings. The real parts of effective permittivity and permeability values versus frequency are shown in Fig. 4 , respectively. In these figures, the solid curves are obtained from numerical simulations carried out based on the Quasi-Static Lorentz (QSL) theory [21] , and the dashed curves represent the results obtained using the present Transmission Line Theory (TLT) approach. From this comparison, it is seen that a good agreement in variation is achieved.
CONCLUSION
Although there are a few papers published recently on extracting the constitutive relation parameters based on the experimentally obtained S-parameters of the metamaterials, most of them dealt with isotropic materials and not many works were focused on the extraction of constitutive relations of bi-anisotropic media. Physically, the concrete structured materials can only be well described by the bi-anisotropic properties. However, it is tough to formulate the inverse problem and to accurately calculate the constitutive relation parameters. That is why only the quasi-static solution to the problem exists. In the present work, the transmission line theory has been successfully applied to characterize macroscopic properties of an array of split-ring resonators in this paper; and as a result, the four constitutive parameters are extracted theoretically. This is an important procedure in the metamaterial research as the constitutive relations of a macroscopic metamaterial consisting of a periodic array of the microscopic elements represent necessary information for designing microstrip antennas and also microwave devices. It is observed that the real parts of the permittivity and permeability obtained using the Transmission Line Theory (TLT) approach are in a very good agreement in variational tendency with the numerical results obtained by the Quasi-Static Lorentz theory. It is also shown explicitly that the high energy loss for SRR comes from two parts: (1) Ohmic loss or the conductive loss and (2) bianisotropic effects or radiation loss. This could help us to interpret clearly some of the physical phenomena. It can also help us in the future low loss material designs and synthesis.
Of course, some approximations and asymptotic expressions of the capacitances and inductances will have to be used in this paper for the fast solution and simple mathematical formulation. In this connection, neither the transmission line theory nor the quasi-static Lorentz theory can be utilized to derive an exact solution, and both of them serve as approximate approaches. Although they are different in nature and in principal, but the component parameters obtained from both approaches are found to have the same or the similar real part of parameter solutions (which is the most important one), but different imaginary parts (which is less important as compared to the real part). Physically, this is not feasible to expect the identical solution to the problem using two very distinct approximate approaches. Therefore, further development of a theoretically or numerically exact method for describing the bi-anisotropic properties of metamaterials is desirable in the near future.
